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The deformation retract of the complex projective 
space and its topological folding 

M. E L - G H O U L  
Mathematics Department, Faculty of Science, Tanta University, Tanta, Egypt 

The deformation retract of the complex projective space into itself and also after the 
isometric and topological folding was studied and discussed. Theorems concerning these 
deformation retracts are deduced. 

1. Introduction 
It is known that the real projective n-space, p", as the 
quot ient  space of the n-sphere, s", obta ined by identi- 
fying an t ipodal  points,  p", is a compac t  connected 
n-dimensional  manifold. The  complex projective n- 
space cp", is a compac t  connected 2n-dimensional  
manifold: in complex  (n + 1)-space, c "+ ~, consider  the 
subspace defined by [z] = 1 where if z = (z0, zl, . . . ,  z,), 
we define [z[ 2 = Izol 2 + [ z l [  2 -~- . . -  .Af_ [z, lz); this space 
is just  s z"+a. We identify z,z'  on s 2"+~ i fz '  = cz, where 
c is a complex  n u m b e r  of  absolute  value 1; the result- 
ing quot ient  space is called cp", the fibres of the m a p  f :  
s 2"+1 -+ cp" are circles [1 4]. 

A m a p  F: M ~ N,  where M, N are C ~~ Riemannian  
manifolds  of dimensions  m, n, respectively, is said to be 
an isometr ic  folding of M into N, if and only if for any 
piecewise geodesic pa th  7: J ~ M, the induced pa th  
F o 7: J --+ N is a piecewise geodesic and of the same 
length as 7, J = [0,1]. I f  F does not  preserve length, 
then F is a topological  folding [5, 6]. By using the 
Lagrang ian  equat ions  

d s \ e O , / - -  ~ = 0 i = 1 , 2 , . . . , 2 n  + 1. (1) 

we determined a geodesic S 2n C S 2n+ 1 [7] which is the 
deformat ion  retract  of  {s 2"+1 - pi}. Also by the above  
equat ion we obta in  s 2"- * c s en which is geodesic and  
it is the deformat ion  retract  of {s 2 " -  p~}, p~ is any  
ant ipodal  points. Consequently,  cp"-1 ~ cp", cp"- ~ is 
the deformat ion  retract  of  {cp"-Pi} ,  PiccP". In 
this pape r  we discuss the relat ion between the defor- 
ma t ion  retract  of  {cp" - p~} and the deformat ion  re- 
t ract  of  the isometr ic  and topological  folding of 
{ c p  o - p , }  [s-11]. 

A subset A of a topological  space M is a deforma-  
tion retract  of  M if there exists a re t ract ion R: M ~ A 
and a h o m o t o p y  f :  M x I --+ M such that  [12] 

f ( x , O ) =  x \ x e M  (2a) 
( 

f ( x ,  1) = R ( x ) )  (2b) 

f (a , t )=a,  aeA and t e I = [ O , l ~  (2c) 
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2. The main results 
2 1; Let s 2"+1 be the sphere x 2 + x 2 + ... + X2n+2 = 

the paramet r ic  equat ion of this sphere is 

Q 2n 2n + i 2n + 1 
r = cos O1 1-I sin Ok + 1, l~I sin O k  . . . . .  COS O i - 1  I~[ 

k= l  k= l  k=i 

x s i n 0 k , . . . , c o s 0 2 , + l )  i = 3 , 4 , 5  . . . . .  2 n +  1(3) 

For  any point  ~ ccp", then ~ = {(z;z'): z,z '  E S  2n+1 

such that  z = cz', ]c] = 1}. I f  we take c = e i= hence, 
(Zo, Z 1 . . . .  ,Zn) ecp n Or (Xl,  X 2 . . . .  ,X2n+2 ; - -  X1, - -  

x2, . . . ,  - x2 ,+2)~ cp". Consider  the paramet r ic  f rom 

I t  2n 2n+l  
= c ~  [ I  s in0k+ , ,  IF[ s in0k,  . . . , c ~  

k=l  k= l  

2n+l  2n+J. 

x I~  s in0k , . . . ,COS0i_ I  I ]  s in0k . . . .  , 
k=i k=i 

cos O2n+ l)~ ei'~ (COS Ol k~= l Sin Ok + l, 

2n+l  2n+l  

1~ sin0k, . . . ,COS 0 i -1  l~  sin Ok,-- . ,  
k=l  k=i 

(4) 

( ~ 2 n + 2  d x 2 ;  x-,2n+2 d x 2  ) F r o m  the equat ions ds 2 = tz.j= ~ - ~ j=  
and T = �89 z, we have 

2 ~ l  2n+l  
T = � 8 9  s i n 2 0 i 0 ' 1 2  + H s i n 2 0 i 0 2 2  

L \  i=2 i=3 

2n+1 2n+l  2n+l  
+ [ I  sin2 0~ 0 ;  2 + H sin2 0, 042 Jr- 

i=4 i=5 i=6 

\ 
2 _p.~2 ~2 / s i n 2 0 i ~ ;  2 + .-- + sin 02,,+1t~2, + 0 2 , + t J ;  

\ i = 2  

2n+ 1 2n+ 1 
lq  s i n 2 0 , * i  2 +  I~ 
i=3 i=4 
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2n+ 1 2n+ 1 
x sin 2 4~ 4;  2 + ~ sin2 4i 442 q- ]7] sin2 41 4 ;  2 

i=5 i=6 

(5) 

The Lagrangian equations for cp" are 

as \e , j  e*e - 0 e = 1,2,3, . . . ,2n + 1 (6) 

d (2n+1 4 i 4 * 1  x] 0 ~ \  i_-[I 2 sinZ ] = (7) 

d (2,+1 4 i 4 ~ )  
dss \ i~= 3 sin2 

2n+ 1 

- sin 42 cos 42 I ]  
i=3 

sine 4, 47  = 0 (8) 

- -  sin2 41% -- sin 43 cos 43 l-I sin2 4i 422 
ds\ i=4 i=4- 

2.+1 '12 ) 
+ sin 43 cos 43 s in2 42 [I  sin z 4i 4 = 0 (9) 

i=4  

d / ,2 (4~2 ~ 4 2 , + 1 ) -  [sin42,+l  cos42,+1 
\ 

2 n -  1 l 
+ s in242.4~ 2 - 1 +  ~, 1-[ 

1=2 k = l  

x sin2 42n+1-k 4r22n+1-(l+ l))  l "" (2n + 1) 

From Equation 7 then 

dssd (2"+1\/--2 ) 2n+1 [ I  sin2 4, 4'~ = 0, or ]7I sin2 4, 4'~ 
i=2 

= constant, cq" say. 

If el = 0, then 4'~ = 0 [1] or 42 = 0 or re, take 
4 ' l # O a n d 4 2 = O .  

(X1, X2, X3, ... , X 2 , + 2  ; - -  X2, . . . ,  - -  Xen+2  ) in the form 

X l = 0  

X2 = 0 

2n+ 1 

x3 = c o s 4 2  [I  sin4k 
k=3 

2n+1 

X i = COS 4 i -  1 l~ sin 4k, i = 4, . . . ,  2n + 1 
k=i 

: 

X2n+2 ~ C O S 4 2 n +  1 

- - X l = 0  

- - X  2 = 0  

2 

--  X2n+2 ~ - -  C O S 4 2 . +  1 
From the system of Equation 
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(10) 

10 we obtain 

( 0 ,  0 ,  X 3 . . . . .  X2n+2  ; - -  0 ,  - -  0 ,  - -  X3 ,  . . .  , - -  X2n+2  ) 

which is cp"-1 c cp"; this represents a geodesic. The 
deformation retract of cp" may be defined by 

@ :  ( c p "  - -  {p,}) x I --+ ( c p "  - -  {p,}) 

where cp" is a complex projective space, {Pi} is any 
point belonging to cp", I = [0,1]. The retraction of the 
complex projective space cp" is given by R: 
(cp" - {Pi} ) -~ A, where A is given by 

2 . +  1 2n+ 1 

A =  0,0, cos42 H sin4k,...,COS4i_l I ]  sin4k, 
k=3 k=i 

2n+1 

, . . . , c o s 4 2 , + 2 ; - 0 , - 0 , - c o s 4 ;  I~ sin4k 
k=3 

2 n + l  ) 

, . . . , - c o s 4 i - 1  ]7[ sin4k,. . . , --cOS4a,+2 
k=i 

= cp "-1 (11) 

we reach to the following theorem. 
Theorem 1. The deformation retract of { c p " -  p~} 

onto a geodesic cp"-1 c cp" is 
I (  f i  2 n + l  

OO(m,t)= cos41 sin4k+l, [ I  sin4k'"', 
k = l  k = l  

) cos4i -  1 sin4k, ...,COS 42,+1 ;e i= 
k=i 

2n 2n § 1 

x cos41 F[ sin4k+l, I ]  sin4k .... , 
k = l  k = l  

)j cos4i-1 ]7I s in4k, . . . ,cos42,+l  ( 1 - t )  
k=/ 

2n+ 1 

+ t  0,0, cos42 IF[ sin4k,...,COS4i_ 1 
k=3 

2n+1 

x l-I sin4k . . . . .  c o s 4 2 , + 1 ; - 0 , - 0 ,  
k = l  

2n+ 1 

- c o s 4 2  F[ sin4k,...,--COS41_I 
k=3 

2 n + l  ) 

x [ I  s in4k, . . . , - -COS4a,+I  (12) 
k=3 

where 
/ 2n+ 1 

d~(m,0) = {fl, -- fl},O(m, 1) = ~0,0,cos42 1~ 
k=3 

2n+ 1 

xsin4k . . . .  ,COS4i-1 I ]  sin4k,COS42,+l; 
k=i 

2n+1 

0, 0, - cos 42 I ]  sin 4k, -.., -- COS 4i -  1 
k=3 

2 n + l  t 
x 1-[ s in4k,- -cos42,+l  (13) 

k=i 

Now, we will discuss the folding of the complex 
projective space cp": ~,~: cp" -+ cp" where 

~ ( X 1 , X 2  . . . . .  X2n+2;  - -  Xl ,  - -  2(;2, . . . ,  - -  X2n+2 ) 

= ( I X l l ,  l x e [ ,  . . .  ,Xz,+2; -IXl[,  

- - IX2[  . . . . . . . . . .  - -  X2n+2 ) (14) 



is an isometric folding of cp" into itself, whence 

I (  l~i 2 n + l  
Y :  cos0a  sin0k+> y[ sin0k,...,COS0i-1 

k = l  k = l  

2n + 1 2n 

x ]7[ sin0k,"" COS02"+1;--COS01 [ I  sin0k+l, 
k = i  k = l  

2n+1 

- I 1  
k = l  

2}il sin 0k ,... ,  cos 0 i -  1 
k = l  

Ico ,i 
k = l  

x sin 0k .... .  -- COS 0 i -  1 

2n+ 1 

sin 1]/k' " " '  - -  COS 1 ] / i - 1  ~ sin*k, . . - ,  
k = i  

I( cos 1]/1 [ I  sin 0 k + l ,  
k = l  

2 n + l  

[ l  sin 0k, ..., 
k = i  

sin 0k + 1, - 2 i ]1  
k = l  

2n+ 1 

II 
k = i  

sin 0 k , - . ,  

-- COS02n+I) -- {pl} 1 . (15) 

The deformation retract of ~,~(cp" - p~) will be defined 
a s  

I (  F i  l ,  2n+1 
~2~: COS0z sin0k+ [I  

k = i  k = l  
sin % , . . . ,  cos 0 i -  1 

2n+1 C O S 0 1  x I~ sin*k,. . . ,COS02,+I;-  
k = i  

2n 2 ~ 1  

x [ I  s i n 0 k + l ,  - s in0k ,-.., -- COS01_1 
k = l  k = l  

l~ sin0k,... ,--COS02,+I - - { P i  X I  
k = l  

I t  2n s i n 0 k + l ,  2 ~ _ ] l s i n 0 g  cos01 Fl 
k = l  k = l  

2n + 1 COS I]/1 , . . . ,cos0i-1 ]7[ sin0g .... , c o s 0 2 , + l ; -  
k = i  

i - ]  s i n * k +  1 ,  2~1 sin0k ,... X - -  , - -  COS 0 i -  1 
k = l  k = l  

2n+ 1 

x [ I  sin0k,..., 
k = i  

- -  c o s O 2 n +  I )  - -  { P i }  1 (16) 

with 

2 n + l  

.... ,cos0i-1 I1 sin0k,.. . ,cos02,+l; 
k = i  

c o s 0 1  f i  sin0k+l, 2n+l 0k -- -- I ]  sin 
k = l  k = l  

2n+1 

.... , - cos 0 i - 1  IV[ s i n , k  . . . .  , 
k = i  

cos 2n+l)  ,+t[00 
2n+1 2n+1 

c o s * 2  YI s inOk , . . . , co s  0 i - 1  ]7[ 
k=3 k = i  

x sin 0k , - - . ,  COS 02 ,+  1; -- 0, -- 0, -- COS 1]/2 

2n+ I 

X I] sin 0 k ' " ' '  - -  COS 1]/i- 1 
k=3 

2n+ 1 1 x [I  s in0k,--c~ (17) 
k = i  

t 2n+2 
0, 0, cos 1]/2 [1  sin 0k, .--, COS 0 i -  i 

k=3 

2n+ 1 

x ]~I s i n 0 k , " - , c ~  
k = i  

2 n + l  

- cos 1]/2 I-[ sin 0k , - . . ,  -- COS 0 i -  1 
k=3 

hence 

�9 .~(m, 1) = 

2n+1 1 
x l~ sin0k,'--,--COS02n+I (18) 

k = i  

which leads to Theorem 2. 
Theorem 2. The folding of cp" (Equation 14) and 

any folding homeomorphic  to that folding, have the 
same deformation retract of the complex projective 
space cp" onto  a geodesic c p ' - 1  c cp n. 
Let the folding be defined as follows 

~ * :  c p  n --* c p  n 

~ ( X l ,  X2, . . .  , X i ~ X i + l ,  . . .  , X2n+2~ - -  X1, - -  X2,  . . .  , 

- -  X , ,  - -  X i +  , . . . . .  - -  X 2 n +  2 ) = ( X l ,  X 2 . . . .  , I x i l ,  

IXi+ l [ ,  . . .  , X 2 n + 2 ;  - -  X l ,  - -  X2,  . . . ,  - -  [Xil , 

- - I x i + i I , . . . ,  -- x2,+2) (19) 

An isometric folding of cp" - {p~} into itself may be 
defined by 

~,~*: cos01 sin0k+> I-[ sin0k 
k = l  k ~ l  

2n+ 1 2n+ 1 

,...,cos 0 i -  1 I~ s in0k,  cos1]/, [1  sin 0k 
k = i  k = i + l  

2n 

, . . . ,cos '2,+1; - cos01 M sin0k+l,. . . ,  
k = l  

2n+lk=li] sin 0k, ..., COS * i - 1  2,+lk=iM s i n * k ,  COS*/ 

2n + 1 2n 

x lq sin0k,"-,COS02,+I;--COS01 YI 
k = i + l  k = l  

2i~1 sin 0k, cos0i xsin0k+l, . . . ,  -- COS*i-1  
k = i  

x IF[ s i n 0 k , . . . ,  - cos 1]/2, +1 - {pl (20) 
k = i + l  

The deformation retract of this type of folding of 
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cP ~ - {Pi}  will be defined by 

@ j .  cos~l  sin~k+l, H sin~& 
k=l  k=l  

2n+l  2n+l  
, . . . , c o s ~ ) i _ l  ~ sin~k, COSqJl ~ sin~t k 

k=i k = i + l  

2n 

, . . . , c o s ~ 2 , + 1 ;  - cosqfl 1-[ sin~)k+l . . . .  , 
k=l  

COS 2n+1 ~/k,  COS 2n+1 sin~k 
- ~)i-i [ I  sin - ~)i [ I  

k=i k = i + l  

..... 4 i( os,  
2n 2n+l  2n+l  

x ~ sin*k+1, ~ sin % ... .  , cosq~,_l [ I  
k=l  k= l  k=i 

~/k,  COSq/i 2n+l  xsin H sin~)k ...,cos~)2,+2; 
k = i + l  

- cos*l  [ I  sinqtk+l, . . . ,  -- COSq/2,+2 
k=l  

- {P'}I (21) 

with 

qbj,(m,t) = cos~ l  l~ s in%+1, . . . ,  cosqti-1 
k=l  

z, + 1 sin ~k, cos ~i 2n + 1 ~ k  x [ I  I ]  sin 
k=i k = i + l  

,...,cos%,+1; , , cos%.+1) 

- { P i  ( 1 - t ) + t  0,0, cos~z [ I  sin~k 
k=3 

2n+ 1 COS 
, . . . ,  cos4i-1  [ I  sin*k, ~ti 

k=i 

2n+1 

x I]  sin~k,.. . ,COSqJ2,+l;.. . ,  
k = i + l  

- cos q/2, + 1) (22) 

2[il cos,,_1 (I)s~,(m, 1) = 0,0, cos~:  sin~)k,..., 
k=3 

2n+ 1 2n+l  

x 1-] s int)k,  COS~q I ]  sin~tk 
k=i k = i + l  

, . . .  ,cos~2,+1; - 0 ,  - 0 ,  . . . ,  

c o s  ~ t i -  1 2 . + I  , c o s  ~ti - H sinqlk - 
k=i 

2n+ t ) 

~I sin~)k , . . . ,  -- COS~2,+1 (23) 
k = i + l  

We reach Theorem 3. 
T h e o r e m  3. The deformation retract of the isomet- 

ric folding of cp" defined in Equation 19 and any 
folding homeomorphic to this type of folding is differ- 
ent from the deformat ion retract  ofcp" onto a geodesic 
c p n -  1 ~ pn. 
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