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The deformation retract of the complex projective
space and its topological folding

M. EL-GHOUL

Mathematics Department, Faculty of Science, Tanta University, Tanta, Egypt

The deformation retract of the complex projective space into itself and also after the
isometric and topological folding was studied and discussed. Theorems concerning these

deformation retracts are deduced.

1. Introduction

It is known that the real projective n-space, p”, as the
quotient space of the n-sphere, s", obtained by identi-
fying antipodal points, p", is a compact connected
n-dimensional manifold. The complex projective u-
space ¢p”, is a compact connected 2n-dimensional
manifold: in complex (r + 1}-space, ¢"*%, consider the
subspace defined by |z| = 1 where if z = (zy, 21, ..., 2,),
we define |z]* = |zo|? + |z4)*> + -+ + |z4|?); this space
is just 2"+ 1, We identify z,z’ on s2"* 1if z' = ¢z, where
¢ is a complex number of absolute value 1; the result-
ing quotient space is called cp”, the fibres of the map f:
s2"*T1 — cp™ are circles [1-4].

A map F: M — N, where M, N are C* Riemannian
manifolds of dimensions m, n, respectively, is said to be
an isometric folding of M into N, if and only if for any
piecewise geodesic path y: J — M, the induced path
Foy:J — N is a piecewise geodesic and of the same
length as v, J = [0,1]. If F does not preserve length,
then F is a topological folding [5, 6]. By using the
Lagrangian equations

d (0T _oT _,
ds\ovi) ol

we determined a geodesic 52" < s2"*1 [7] which is the
deformation retract of {s*"** — p;}. Also by the above
equation we obtain s2"~* < 52" which is geodesic and
it is the deformation retract of {s*" —p;}, p; is any
antipodal points. Consequently, cp” ™! < ¢p”, cp" ™! is
the deformation retract of {cp”" —p;}, piecp” In
this paper we discuss the relation between the defor-
mation retract of {c¢p” — p;} and the deformation re-
tract of the isometric and topological folding of
{ep” — pi} [8-11].

A subset A of a topological space M is a deforma-
tion retract of M if there exists a retraction R: M — 4
and a homotopy f: M xI — M such that [12]

i = 1,2,....2n+1. (1)

S, 0)=x (2a)
} xeM

S(x, 1) = R(x) (2b)
fla,t)=a,aed and tel=[0,1] (2¢)
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2. The main results
Let s2"*! be the sphere x? + x3 -+ - 4+ X3,.,=1;
the parametric equation of this sphere is

2n 2n+1 2n+1
r=<cosq/1 I1 sindyer, JT sinVy,...,cos¥ioy []
k=1 k=1 k=i

xsinx];k,...,cosxllz,,H) i=3,45...2n+103)

For any point x € cp”, then o = {(z;2'): z,z" es*"* !

such that z = cz’, |c| = 1}. If we take ¢ = ™ hence,

(ZO:ZD-"aZn)ecpn or (xbx27"-:x2n+2; — X1, —

X2, .05 — Xon+2) €cp”. Consider the parametric from
2n 2n+1

a =[<cos¢1 [T sinlysq, ] siny,...,cosy;_,
k=1 k=1

2n+1 2n+1

x ] sinyy,...,cosW—y ] sinvy,...,
k=i k=i

2n

Ccos ‘~L’2n+1>; e’ <COS vy H SURVAIER

k=1
2n+1 2n+1

[1 sinV,...,cosy;—y ] sinyy,...,
k=1 k=i

cos fp, + 1>:l =[B; — B]. 4

From the equations ds? = (Y727 dx?; — Y7217 dx})
and T = 3ds?, we have

2n+1 2n+1
T=%[<H sin® Y, U + [ sin® 7
i=2 i=3

2n+1 2n+1 2n+1

+ 1 sin? Y4 + [T sin® 02 + ]
i=4 i=5 i=6

sin? Y, U + o sin? g, g W \Ill22n+1>;

<2n+1 2n+1 2n+1

[T sin? Yy + J] sin®y:¥7 + []
i=3 i=4

i=2
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2n+1 2n+1

xsin® Yo Us + [T sin? 7 + [T sin? ;2
i=5 i=6

+ o sin® Y W5+ \|Jl22n+1>] )
The Lagrangian equations for cp" are

d/aT\ orT
d?(@TJ'e)'BE:O e=123,...2n+1 (6

d 2n+1 .
&( 1 Sln2\|fi\l!/1> =0 ()
i=2
d 2n+1
- Sinz\lfi\L">
ds(iDs ’
2n+1
—siny, cosy, [ sin? Yy =0 (8)
i=3

d 2n+1 ] ) 2n+1 ) )
ds ( Il sz""""/3>_<s‘“"’3 cos s [T sin’ 5
S\i=a i=4

2n+1

+ sin\rzcos Yy sin® Y, [] sin? \l/glf’f) =0 (9
i=4

d
2 - 12
s Gnt ) — | SINWa, 1 COSWapy 1 | U,

2n-1 1

+sin? Yo, U5+ Y [

=2 k=1

X Sinz\II2n+1—k\II,22n+1—(l+1)>:| -(2n+1)

From Equation 7 then
2n+1

d 2n+1
a‘( n Sinz\L’i\M) =0, or n sin? ;U
S\ i=2 i=2

= constant, o;: say.

If o, =0, then ¥; =0 [1] or ¥, =0 or =, take
Yy # 0 and \r, = 0.

(X15X2, X35 ey Xapt2; — X2, ..., — Xa,4) 10 the form
X1 :0
xZ =0

2n+1

x3=cosV, [] sinvy
k=3

(10)

2n+1

xp=cosY_y [] sinVy,i= 4,..,2n+1
k=i

Xon+2 = COS Y21

—Xl = 0
— X3 = O
— Xant2 = — COSYzp4q

From the system of Equation 10 we obtain
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(0: O,X3, s Xopt2s — 09 - 07 — X3y ey, T x2n+2)
which is cp”" ™! = ¢p”; this represents a geodesic. The
deformation retract of cp” may be defined by

®: (cp" — {p:}) x I > (cp" — {p:})

where cp" is a complex projective space, {p;} is any
point belonging to ¢p”, I = [0,1]. The retraction of the
complex projective space c¢p" is given by R:
(ep" — {p:}) = A, where 4 is given by

2n+1

A= (0,0,005\1/2 [T sinvy, ..
k=3

2n+1

eosVog ] siny,

k=i
2n+1

b5 €08 Wonpa; —0, =0, —cos, [] sinyy
k=3

2n+1
ses —cosy_y [ sinvy, ..., —COS\|!2,,+2>
k=i

=cp"! 1n

we reach to the following theorem.
Theorem 1. The deformation retract of {¢p" — p;}
onto a geodesic cp™ ! < ¢p” is
2n+1

2n
(D(m, t) == |:<COS\l/1 l_[ Sin‘.lfk+ 1 H Sin\jfk, e
k=1 k=1

2n+1
cosV—y [] sin\i/k,...,cosqlz,,H);e""
k=i
2n 2n+1
x(costlll [T sinesr, J] sinvy, ...,
k=1 k=1
2n+1

cos\; ¢ ]—[ sinq;k,...,coswz,,H)](l —1)

2n+1

—i—t(0,0,coslez [1 sinV,...,cosy;_,
k=3

2n+1
x [T sinVy,...,co8Yp,11; —0, — 0,
k=1
2n+1
—cosV, [] sinly,..., —cosi—;
k=3
2n+1
x ] sinV, ..., —003\112,,+1) (12)
k=3
where
2n+1
o(m,0) = {B, — p},0(m,1) = (0,0, cos, []
k=3
2n+1

X $I0 Y, -0, COS Wy g H sin Y, oS Yoyt 15
k=i

2n+1

0,0, —cos{, [] sinVy,..., —cos;_;
k=3
2n+1
X H Sin\l’k:_COS\l’uﬂ) (13)
=i

Now, we will discuss the folding of the complex
projective space cp™ % : cp” — cp" where

F (X1, X2, o3 Xon42) — X1, — Xgs00ey — X2n+2)
= (|x1I>|x2l:--'7x2n+2; - lxlla
-ix2l7~--:a~--: "'x2n+2) (14)



is an isometric folding of cp” into itself, whence

2n 2n+1
ﬁ:[(cos% [T sinVesr, [1 sinVy,...,cosl;y
k=1 k=1
2n+1 2n
X n SIN g, ... €Oz, 115 — cosYy H sin g,
k=i k=1
2n+1 2n+1

— I sinVy, ..., —cosy_y ] sinVy, ...,
k=1 k=i

2n
- COS\|/2n+1> - {Pi}il”"[( cos H sin iy 4 ¢,
k=1
2n+1 2n+1
IT siny],...,cos¥y [ siny, ...,
k=1 k=i
2n 2n+1
COS\lfan); — |cos g H SN W1y — H
k=1 k=1
2n+1
xsiny |, ..., —cosW—y [] sinVy,...,
k=i

- 008\112n+1> - {pi}}- (15)

The deformation retract of & (cp" — p;) will be defined
as

2n 2n+1
d)f':( cos Yy H SURESTS n sin Yy, ..., COS ;-
k=1 k=1

2n+1

x [T sinVy,...,cos¥s,4 15 — cosV,
k=i
2n 2n+1
[ sinVneref, —| [ sinl|,..., —cosi,_,
k=1 r=1
2n+1

x [T sinyy,...
k=1

H[< 1

7"')COS\pi—1 n Sin\Pka--'aCOS\pZn-Fl; -

k=i

> T COS\]fzwrl) - {Pi}} xI

2n+1

[] sini,
k=1

2n

cosry [ sinsy

k=1

H

cos\ry

2n+1
— n Sin\l/k
k=1

, y ey — COSVr;_y

2n
x [T sinie+,
k=1

2n+1

X H sin ., ..., — cosWy, 1) — {pi}] (16)

with

d)?(m’t) = |:<

seee > COSY— g n Sin Yy, ..., COS Va1

k=i

2n

cos H sin .+ 1

k=1

2n+1

[ sin,

k=1

b

2n

cos Vg 1—[ Sin g+ 1

k=1

2n+1

[T siny,

k=1

J— , —

2n+1

sy —cosYy_y [ siniy, ...,

k=i

- COS\l/Zn+1> - {pz}:l(l - t) + t':0>0>

2n+1 2n+1
cosVy [] sinyy,...,cosy—q ]
k=3 k=i
xsin\y,...,co8 Yt q; —0, —0, —cos |,
2n+1
x [] siny,..., —cos¥_,
k=3
2r+1
x ] Sm\l’ka—COS\Pzwl} (17)
k=i
hence
2n+2
Gyr(m, 1) = (0,0, cosV, [ sinvy,...,cos;_,
k=3

2rn+1

X 1—[ Sin\L’k=~--:COS\lf2n+1; _07 —0)
k=i

2n+1

—cosV, [ siny, ..., —cosy—y
k=3

2n+1
x [ sinyy,..., — cos¢2n+1> (18)

k=i
which leads to Theorem 2.

Theorem 2. The folding of ¢p” (Equation 14) and
any folding homeomorphic to that folding, have the
same deformation retract of the complex projective
space cp” onto a geodesic cp” ! < cp”.

Let the folding be defined as follows

F* cp” - cp”

FEX 1, Xy oo s Xty Xit 1y e 3 Xon42; — X1y — Xoypeees
= Xi, = Xit gy s = Xap+2) = (X1, X2, 5 X
(Xigilsooos Xant2s — X1, — X200, — [Xils
= X1l s = X2u+2) (19)

An isometric folding of ¢p” — {p;} into itself may be
defined by

2n 2n+1
f*:[(cosxpl [T sinpey, J] siniy
k=1 k=1
2n+1 2n+1
seescosVimy [ sinyy, cosy; [] sinyy
k=i k=i+1
2n
,...,COS\I/2n+1; “COS\IIl ﬂ Sin\l!k+1,...,
k=1
2n
— C0s ‘~ljln+l> - {pi}:l ‘*[(COS\IH n SUREE
k=1
2Zn+1 2n+1
[T sinyy, ..., [cosy—y ] siny,), |cosy;
k=1 k=i
2n+1 2n
x [T sinty,...,co8 ¥z, 15— cosy ]
k=i+1 k=1
2n+1
XsinVeiq,..., —(cosy_; [] sinyy), —|cosyy;
k=i
2n+1
XkQISin¢k7"'a —COSW2n+1>_{Pi}} (20)
=i

The deformation retract of this type of folding of
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cp” — {p;} will be defined by

2n 2n+1
Qg*:[<cos¢1 [T sinVesq, J] siniy

k=1 k=1
2n+1 2n+ 1
sooslcosoy ] sinV, cosy; [] siny
k=i k=i+1

2n
>'~"Cos\ljln+l; _COS‘*lll H Sin\ljk-#la"'a
k=1

2n+1 2n+1
~’COS\|Ii_1 [T sinyy|, —|cosy; [] sinvy
k=i k=i+1
—COS\IJzn+1>~—{pi}] x I —{(COS\IM
2n 2nt+1 2n+ 1
x [T sinWesr, [] sinW, ...,{cosimy []
k=1 k=1 k=i
2n+1
xsinV |, [cosy; [ sinVl,...,cos ¥,
k=i+1
2n
—cosV{; [ sinVgsy, ..., —cosqu,,+2>
k=1

- {pi}] @1

with
2n
Dse(m, t) = [(cosq;l [T sinWisq, ..., lcos ¥,
F=1
2n+1 2n+1
x [T sinVy|, jcosy; [ siny
k=i k=it 1

s COS Yoyt —5 —, — COS\|12n+1>

— {pi}:l(l — 1)+ t<0,0, cos Vi, zﬁl sin
k=3

2n+1
yees|cosWioy ] sinvy, |cosy;
k=i
2n+1
x ] sinV|,...,co8Wour1s...,
k=i+1
— cos iz, + 1) (22)
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2n+1
Dga(m, 1) = (0,0,005\1/2 [T sinWy, ..., cos b,
k=3
2n+1 2n+1
x [] sinVy|, jcos; [] siny,
k=i k=i+1
"":COS\‘]Zn-?—l; ——-0: _07-"5
2n+1
—[cosW;—y [] sin|, — |cos;
k=i
2n+1
l—I Sin\ljk 3enes —COS\IJZn+1> (23)
k=i+1

We reach Theorem 3.

Theorem 3. The deformation retract of the isomet-
ric folding of ¢p” defined in Equation 19 and any
folding homeomorphic to this type of folding is differ-
ent from the deformation retract of ¢p” onto a geodesic
Cpn—l - pn.
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